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GEOMETRIC TRANSFER AND THE HOMOTOPY TYPE
OF THE AUTOMORPHISM GROUPS OF A MANIFOLD
BY
D. BURGHELEA AND R. LASHOF'

ABSTRACT. Lifting concordances (pseudo-isotopies) in a smooth fibre bundle gives
a transfer of stable concordance groups. Properties of the transfer are proved and
exploited to obtain the homotopy structure of the group of diffeomorphisms or
homeomorphisms of a manifold in a stable range.

Introduction. For M a compact manifold with or without boundary in one of the
categories Diff, PL or Top we denote by A(M) the semisimplicial (ss) group of
automorphisms of M (i.e. the group of diffeomorphisms, PL. homeomorphisms or
homeomorphisms, resp.). In this paper we describe (in the stability range and
localized away from two) the homotopy structure of A(M). We do this in terms of
A(M), the ss group of block automorphisms (whose homotopy structure is a
sophisticated formulation of surgery theory [ABK]) and some new homotopy
functors S, (Theorem C).

The functors & and S 9 here considered have already been studied in the PL
category by Hatcher [H] from a different point of view. The present geometric
description is appropriate to the description of the homotopy structure of A(M)
and enables us to produce a natural map B: 3(X)— S(X) from the associative
monoid of simple homotopy equivalence of X to & (X) which will be important for
our study.

Besides the geometric topology results [BLR] two ideas partially developed in
[BL] are basic. The first is the “transfer map” and stability for concordances,
described in the PL context by Hatcher and in the differentiable context in [BL).
The second is the splitting of a Z(3) weak commutative (topological) group with
involution as a product up to homotopy of two pieces, the symmetric, respectively
antisymmetric parts. Applied to our situation those parts manifest very different
behavior.

The results of this paper have been sketched by the first author in the survey
paper [B]. There is an overlap between some (but not all) results of §A and results
of Hatcher [H,], published in the same volume as [B].

The results of this paper are stated in the next section (statement of results) and
the proofs are given in subsequent sections. We continue this section with a
description of the notations used.
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A(M; K), resp. A(M; K), will denote the ss group of automorphisms, resp. block
automorphisms, of M which are the identity on K C dM. A typical k-simplex is
essentially an automorphism A: A(k) X M — A(k) X M which commutes with
projection on A(k), resp. is face preserving, and which restricts to the identity on
A(k) X K (see [BLR, Appendix I}, for precise descriptions) To simplify the
notation we write 4(M), resp. A(M) for A(M; ), resp. A(M <), and A(M),
A(M), C(M), (M) for A(M; M), A(M; 3M), AM X I; 0M X 1 U M X (0)),
A(M X I; oM X I U M X (0)) resp. . Since C(M) is contractible, C(M)/C(M) is
homotopy equivalent to BC(M), the classifying space of C(M).

For a manifold with base point (V, v,), denote by Emb(M, M X V) the ss
complex of proper embeddings of M in M X V, and byFnTb(M , M X V) the ss
subcomplex of Emb(M, M X V) consisting of those proper embeddings which
agree with the embedding h, hy(m) = (m, vy, on 0M. Also denote by
C Emb(M, V) the ss complex of proper embeddings of / X M in I X M X V
which agree with id, X hyon 1 X dM U (0) X M. (Recall that a proper embedding
h: V — W is an embedding with A~ '(0W) = 0V and h is transverse to dW.)

The covering map m: M X R— M X S' induces m: Emb" (M, M X S')—
Emb(M, M X R), resp. Cr: C Emb(M, M X S§')— C Emb(M, M X R), where
Emb' (M, M X S') is the union of those connected components which when
composed with the projection on S' are homotopy trivial. We write 9U(M), resp.
CIUL(M), for the homotopy theoretic fibre of 7, resp. Cxr. The spaces (M) and
C9U(M) appear as factors in the direct product decomposition of A(M X S') and
C(M X S") (see [BLR, Chapter VI]).

Denote by J((X) the ss associative monoid of simple homotopy equivalences of
the compact polyhedra X, and for a manifold M we let 3C(M) be the submonoid of
JC(M) of those simple homotopy equivalences of M which restrict to the identity
on dM.

Let P denote the category of finite polyhedra (spaces homeomorphic to the finite
simplicial complex or CW complex) and continuous maps. If f: X > Y is a
morphism in P, we say it is a fibration in P if f is a locally trivial bundle with fibre a
compact manifold. It will be a Diff-bundle, PL-bundle, Top-bundle if the fibre F is
a manifold in the corresponding category with the group Diff(F), PL(F), Top(F)
resp.

For the ss Kan complex (or topological space) X, resp. the ss (or continuous)
map f: X — Y, we denote by [X],, resp. [ fli, the kth Postnikov term, and if X is a
nilpotent space (i.e., 7,(X) is nilpotent and acts nilpotently on (X)) denote by
X, 44 the localization of X away from two. The homotopy groups of X 44 are Z(3)
modules.

We denote by B the “classifying space” functor, BG being the classifying space
of a ss group (or associative monoid or loop space) G and B the induced map on
classifying spaces of a homomorphism §: G — G’.

Given f, g: X — Y we say that f and g are visibly homotopic if [ f], and [ g], are
homotopic for any k; and we write X ~ Y to denote X homotopy equivalent to Y,
f ~ g to denote f homotopic to g, resp. X 3 Y and f~ g to denote [X], ~[Y],

and [f]; ~[ gl
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Denote by SZ the category of infinite loop spaces and infinite loop space maps,
3", resp. Q , the homotopy category, resp. visible homotopy category of 9
whose objects are the objects of 3 and whose morphisms are homotopy classes,
resp. visible homotopy classes of morphisms of Q

If S is an object of 9 denote by S the connected £-spectrum associated with S
whose components S are given by

* fori <0,
S, =16 fori =0,
B'S fori > 0.

There will be more notations of local interest which will be indicated in the
appropriate places.

Wherever the arguments require specification to the category Diff, PL or Top we
will handle only the Diff and the Top case. The PL case is entirely similar to the
Top case; it can be handled similarly (with more care on the geometric construc-
tions to make sure we remain inside PL category) but it also follows from the last
one by the “Comparation theorems” of the geometric categories.

Statement of results. The functors we describe in this paper are homotopy

o0
functors on P with values in Q. They will be strongly connected. Since they are
geometrically defined we will call them GH (geometric-homotopy) functors, al-
though the descriptions below do not formalize their geometnc origin.

DEerINITION 1. A GH functor is a functor £: P — Q satisfying:

) f~g=L()=L(g)

(2) (@) If f: X - Y is r-connected, £(f): £(X) - £(Y)is (r — 1)-connected.
(b) If in the diagram

ANB - B
VS lg
A —- AURB

of inclusions in P, the vertical arrows are m-connected, and the horizontal arrows
are n-connected, m, n > 2, then the induced map Homotopy fibre(£(f)) —
Homotopy fibre(£( g)) is (m + n — 2)-connected.
(©) If f: X - Y is a rational equivalence (induces isomorphism for 7, and for

7() ® Q), £(f): £(X) — £(Y) is a rational equlvalence

(3) There exists a natural morphism g in Q% ,8(X): B(X X S — BE(X).

Let Nil £(X) = fibre(g(X) X £(py)): £(X X S’ - BR(X) x £(X). A GH
functor £ is said to satisfy WK (weak Kunneth property) if the fibration

Nil £(X) - 2(X X §') - BE(X) x £(X)

is naturally trivial. In this case, Nil £ defines a functor which satisfies (1) and (2) in
Definition 1.

DerFINITION 2. Let @ = Diff, PL or Top. The GH functor £ = £¢ has an @
transfer if for any @-bundle £ over X (i.e. a locally trivial bundle with fibre F, a
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compact @ manifold, and structure group the & automorphism group of F) there
exists a trargfer mzap T(e): £(X) —» £(E) which satisfies:
(1) If E, - E,— X is a composition of @-bundles, T(£, ° &,) = T(§)) ° T(£).
) If
Je

E, > E
&l &2
fx
X, - X,

is a cartesian diagram with £, and ¢, @-bundles, then T(£)L(fy) = E(fe) T()).

(3) If ¢ is the trivial @-bundle with fibre K and s: X > X X K is the
cross-section s(x) (x, kg), then T(eK) = x(K)E(s) (it makes sense to multiply a
morphism in Q with an integer since Q is an additive category).

(4) T is compatible with g; namely, if {&: E — X is an @-bundle

e(x x s 5B pE x sY
$(0L L8(E)
BT(f)

BE(X) b\ BE(E)

is commutative.
REMARKS. (a) Any generalized homology theory that vanishes in negative degrees
is a GH functor with WK property and @ transfer

In the definitions above we may replace Q with Spec®, the visible homotopy
category of spectra. The GH functors we will define are in fact O-components of
such GH functors. For such functors (2) of Definition 1 implies that «(£(X)),
i < 0, depends only on 7,(X).

Let 12@ (X) denote the reduced K-theory based on vector bundles, PL microbun-
dles, microbundles for & = Diff, PL, Top, respectively.

DEFINITION 3. An @ involution for the GH functor with @ transfer £ = £
means an involution 7*(X): £(X) » £(X) for anya € K@(X ) so that:

M ENH: (B(X), ™) > (B(Y), %) for « € K« Y) is equivariant.

(@ If a € K«X) and pfa is the pull back of a to X X S', g(X):
(B(X x S, rP*) > (BL(X), Br®*) is equivariant.

An @ involution r on £ produces functors £, : P®— 9 , where P¢ denotes the
category whose objects are pairs (X, a), X € obPanda € KQ(X ); and morphisms
f: (X, a) > (Y, B), where f: X — Y is a map with f} ~ a. The objects £. (X, a) are
obtained as the symmetric and antisymmetric parts of £(X),4q under 7¢ (see §B).

DEFINITION 4. The involutions 7* are called homotopy invariant (resp. rationally
invariant) if for any a, 8 € IZ&(X ) with a, B stably fibre homotopy equivalent
(resp. w,(a) = w,(B)) there exists an equivariant isomorphism 6(X, a, B):
E(X)oaar 7% = (B(X)oaar TF) (resp. 8(X, a, B): (E(X) gy T%) = (E(X)p T7)); X0
will denote the localization to zero; i.e. 7(Xg) = m(X) ® Q.

For the GH functors with @ involutions and transfer we will define, one can
take 0(X, a, B) = identity when & = PL or Top, and in fact we prove in these
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cases that 7 = 78 if a and 8 are homotopy equivalent. We would like to have the
same result for @ = Diff, but our present argument breaks down in this case and
we obtain the weaker result above. We would also like to have an @ involution well
defined on our GH functors associated with any stable spherical fibration (because
this is what the algebraic K-theory suggests) but this is unlikely to be produced by
the methods of this paper.

An @ manifold M" determines a well-defined object in P%; namely (M”, a =
TM) and it is well known that if f: (M", dM) — (N", dN) is a homotopy equiva-
lence of compact manifolds with (possibly empty) boundaries, f}, is stably fibre
homotopy equivalent to TM. For £ a GH functor with homotopy invariant
involution, £,(M") ~ L, (N"), L_(M") ~ £_(N"), where £,(M) =
£.(M, TM), whenever M", N" are homotopy equivalent manifolds with boundary.
The dimension (which is invariant under homotopy equivalence for compact
manifolds with boundary) specifies a choice between £, (M) and £_(M); namely,
Lomy(M), where e(n) = + if n is odd and — if n is even.

THEOREM A. (1) For any geometric category @ there exists a GH functor S = $¢
with WK, @ transfer and @ involution.

Q) If @ < B, there exists a natural transformation S% — $®, compatible with
WK, @ transfer and homotopy invariant & involution. Consequently, it induces the
natural transformation S& — §% on P2 All these transformations are isomorphisms
for @ = PL, B = Top.

(3) Nil $¢ = Nil 5%, Nil §¢ ~Nil 52.

(4) The homotopy theoretic fibre of SQ(X )— S%({( ) defines a functor wftich is a
generalized homology theory given by the spectra S%(»). In particular, ST (s) =
S’I‘op(*) = *,

m(Fibre(S% (X, a) - $2(X, a))) does not depend on a. Hence taking « trivial for
all X, the homotopy theoretic fibre defines a homology theory given by the spectra
S€ (%) = §%(», &). In particular, SP-(x) = STP(x) = ».

(5) There exists an increasing function (n) = w%(n) called the “stability range”
(w(n) — o), so that for any compact manifold M:

@ EMmy/ ey L s (v,

®) M/ AW S, (M7,

© coumm L @ Nil s (M),
n+l
@ TUM,g, "= NS, (M,
where €(n) = + if n is odd and €(n) = — if n is even.
Further the equivalences are natural with respect to inclusions M" C N" and with
respect to the category @.

THEOREM B. (a) For any X € ob P, there exists a well-defined homotopy class
B(X) = BHX): H(X) > SXX), natural with respect to category.

®) If f: X > Y is a simple homotopy equivalence and f,: H(X)— H(Y) is the
map (defined up to homotopy) induced by conjugation with f, then S(f)B(X) ~
B(Y)f 4.
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(c) For any compact manifold V, the following diagram is commutative:

wxy S s
xidy |, IT
B(V X X)

(X X V) - S(X x V)

@@ If a, « € IE'(X ) are stably fibre homotopy equivalent (resp. w(a) = w,(a))
then

5, (X @)

sM
HX) 0.(X, o o)
6¢M
8. (X, a’)

commutes, where B.(X, &) is the composition of B(X) with the projection of &(X)
into &, (X, a) (resp. into S, (X, a) localized at zero).
(€) 7o(I(X)) = 7(S (X)) is trivial.

ReMARKS. (1) For @ = PL, B(X) is probably the same as Hatcher’s map of
I(X) to QWRPH(X) [H].

(2) We would like to deloop B(X), but the construction we use does not allow
this.

(3) Actually S (X) is a connected component of @ WhFL(X) and our B(X) has an
extension from the monoid of all homotopy equivalences of X to @ WhFL(X) which
at the 7, level is exactly Whitehead torsion associated to a homotopy equivalence.

The map B(X): I(X) — S (X) induces the principal fibration

(1) 25 (X) > §(X) > H(X)

from the space of paths fibration over & (X).
The maps B.(X, a): I(X) — S. (X, a) induce the principal fibrations

(1, a). Q5.(X, a) = &(X, a) > H(X),

from the path space fibration over S, (X, a).

It is clear that (I) fibrewise localized away from two is the Whitney sum of
(1, a), and (I, a)_. On the other hand, (/, «). fibrewise localized at zero depends
only on w(a).

In particular, the homotopy type of a compact manifold with boundary
(M", dM") determines a particular choice of (I, TM),, + if nis odd, — if n is
even. Thus we get a principal fibration A(M): Q5,.,(M ) = &m(M) - J(M),
which is a homotopy theoretic invariant of compact manifolds with boundary.

The geometric @ structure on M” produces an explicit map A(M) '(::) (M),
whose understanding is the aim of surgery theory (and this aim is theoretically
achieved). Theorem C below basically says that away from the prime two and in
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the stable range A(M") is the homotopy pull back of h(M): &, — (M), a
homotopy theoretic invariant, by i(M): AM) > JC(M), the surgery theory map.

THEOREM C. If one denotes by II(M"), the pull back by i(M): A(M ) — (M) of
the principal fibration h(M): &, — I(M), this is w(n) + 1 isomorphic to the
f brewise localization away from two of the fibration QA(M )/ AM) > A(M) —
AM).

Recall that two principal fibrations induced from the maps f: X — BG, and g:
X — BG, are k-isomorphic if there exists a k-homotopy equivalence #: [ BG,], —
[BG)); so that 6 ° [f], ~[gk-

COROLLARY D. UIU(M)/ A(M)) gy ~“ UI(M)/ A(M)) iy X RS (M)

The isomorphism of the homotopy groups of (H(M)/A(M)).e and
(M) / A(M))o4q X 28,,(M) has been independently noticed by Hsiang and
Jahren [HJ].

COROLLARY E. If M" is an & manifold so that there exists a map p: M — 0M with
MEbam5S M homotopic to the identity, then II(M") is trivial over [A (M) ny+1 and
hence

*) AM)oas™ L 0 (M) X A(M) .
CoroLLARY F. (1) If M" C E" is an r-connected codimension 0 submanifold, then
(%) holds for the kth Postnikov term, where
(a) k = inf(w(n), 2r — 2) in the Diff category,
(b) k = inf(w(n), 2r — 2, r + 3) in the PL or Top category.
() If (M", M) has the homotopy type of (N" ' x S',d(N X S')), then
Q(II(M )) is trivial over the «(n) Postnikov term and consequently QA(M), .,
D QAM) gy X 95, (M).
) If M" is a K(m, 1) manifold then the conclusion of (2) holds.

Note. The results discussed above provide exact computations of the homotopy
groups tensored by the rationals of Diff(M), Homeo(M) and PL(M) in stability
range in few concrete cases; see [B;] and its references. All manifolds for which
such computations have been done enjoy the following properties:

(i) m(H(M)) ® Q can be computed at least in stability range;

(ii) w,.(D"—iﬁ(M ) ® Q = m(Homeo(M)) ® Q can be computed by the means of
surgery theory plus the computations in (i);

(iii) the fibration (I) or at least the fibration obtained by applying the loop space
functor € to (/) is trivial; Corollaries E and F provide enough examples;

(iv) M is either l-connected or K(w, 1) in stability range, in which case
T(Semy(M)) ® Q is reduced via the Waldhausen theory [W] to the algebraic
K-theory of the space X = M.

Upper bound estimates (and exact computations in a few particular cases) of the
algebraic K-theory of X tensored by the rationals have been obtained for all
1-connected spaces by Burghelea and Dwyer, Hsiang, Staffeldt (see [B,] and the
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forthcoming paper of the above-mentioned authors); if M is a K(w, 1), the
algebraic K-theory of M identifies with the algebraic K-theory of the ring Z(m).

A. Transfer. If M = N X I and h, g € A(N X I; N X 9I), juxtaposition along
I, h#g, is defined as follows: h#g|N X [0, 3]=(1 X » D) oho(l X») and
h#g|N X [5,1]=(1 X p~Y) e geo (1 X p), where »: [0, 1] [0, 1] and p: [3, 1] -
[0, 1] are given by »(¢) = 2¢t and p(f) = 1 — 2t.

If M = N X I" we can perform juxtapositions between

h,g € A(N X I'; N X dI")

in essentially r ways by picking up one of the factors of I”. We observe that
composition and the various juxtapositions are homomorphisms with respect to
each other. Since juxtaposition is a loop space type multiplication it has a
classifying space. More generally using the “little cubes™ recognition principle [M],
it is easy to see that composition deloops r times to B’A(N X I"; N X 3I").

Juxtaposition may also be defined for h, g € C(M) where M = N X I or, more
generally, N X I". Again composition deloops r times to B'C(N X I") and thus
C(N X I") has an r + 1 delooping. It follows that composition is homotopic to
Juxtaposmon Juxtaposition may also be defined for A(N XI"; N X9dI") and
C(N x I") with the corresponding properties holding.

For he C(M), h: M X I—>M X I, we have h;: M > M; ie. h(x,1)=
(hy(x), 1). Define 7: C(M) -» C(M) by

r(h)y=hRo(h7'x 1), AR=(AXANoho(l1XN, AH=1-¢t

Note that 7(h), = h; ', so that 7 is an involution. Further 7 is a homomorphism
with respect to juxtaposition in C(N X I”) and so deloops r times to an involution
on B'C(N X I"), denoted abusively also by 7.

The construction “j”. Let M" = (M; M), i = 1,...,r, be an n manifold with
corners; i.e. the M, arethen— 1 faces of M. ThenM XI=(MXI;, M X0, M,
X I, M X 1) is again a manifold with corners. For any face M; of M, let
M =Mu M; x [0, 1] identified along M; = M; X (0). Then M’ = (M M’),
where M’ M UM, n M) X0, 1]if i #:j, and M’ = M; X (1). See Figure 1.

M M

J10,1]

I
FIGURE 1

Denote by 4 ‘(M) the automorphisms of M as a manifold with corners; i.e. the
subgroup of automorphisms of M which preserve faces. Let M = U, ; M,, and
let A°(M; 9;M) be the subgroup of 4°(M) of automorphisms which are the
identity on d; M. The restriction map p;: 4A°(M; 9,_ M) - A“(M;; M; N 8,_ M) is
a fibration with fibre 4 °(M; 9, M).
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Similarly we have the restriction map
i A(M X I, M x0U d,_,M X I)
-4 (MJ.XI;M}.XOU(MOGJ-_IM)XI)
with fibre 4°(M X I; M X 0 U ;M X I). We will define a homomorphism
B AMXI;MX0Ud_MXI)>A(M XI;M X0U M X I)
which is a left (homotopy) inverse to the inclusion i; of the fibre.

First note that since M; has a collar nelghborhood in M, M’ is isomorphic to M,
and we can identify

A(M X I; M) X0 U M’ X I)with A(M X I; M X 0U ;M X I).
Givenh € A‘(M X I; M X0 U 8 _ 1M X I), define
Bi(h) € A°(M? X I; M/ X 0 U ;M’ X I) by B(h)|(M X I)=h,
and taking polar coordinates (r, 8) in [0, 1] X I (see Figure 2) Bi(h) in (x, r, 8) €
M; x[0, 1] X I'is
(hy(x, 1 = 1), 1 = hy(x, 1 — 1), 0), r<1,

'Bj(h)(x’ r,8) = { (x,r,0), r>1,

where h(x, t) = (hy(x, 1), hy(x, 1)). Le., B(h)|(M; X [0, 1] X I) is obtained by rotat-
ing the concordance h|M; X I around M; X (0) X (1) in M; X [0, 1] X I. Note that
if hisin {A(M X I; M X 0U ;M X I), h|M; X I = identity and By(h)|M; X
[0, 1] X I is the identity. Hence ,B(h) is obtamed from A by “thickening the collar”;
ie. B; o i; ~ identity.

[0,1]
FIGURE 2

Now C(M) = A°(M X I; M X 0uU oM X I). Also note that M = 9, M. Thus
starting with 4°(M X I; M X 0) or any A°(M X I; M X 0 U ;M X I) we can
construct a homomorphism o;: A“(M X I; M X0U M X I)— C(M), j >0
(3pM = ), which is a left homotopy inverse of the inclusion. Similarly, one may
construct g;: AM X I; M X0 U uM X I)— C(M), the restriction of §; being
g;. This defmes a map of pairs 6;: (A (), A ) = (C(M), C(M)) and mduces a
map of quotients g;: A()/A°() > C(M)/ C(M).

We note that the 1nvolut10ns T are actually defined on A‘( ), A°(), and they
commute with the inclusions 1 i;. Unfortunately, they do not commute with the
By’s.

Finally we note that 6; and o; are unaffected by the ordering of the faces of M so
long as ;M remains the union of the same collection of faces. This follows from
the fact that, up to deformation rétract, we may assume 4 (M) (and 4°(M X 1))
consists of automorphisms which are products with id« along a neighborhood of
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any (n — k) edge in M, where C* is a k-corner. For the same reason C(M) is
independent of the corners in M; i.e. we get the same group if we round all the
corners.

Now let §&: E — M be a locally trivial bundle with fiber F a compact manifold;
and let 3_E = ¢ '(0M) and 9, E =3E — 3_E. We note that even if M has no
corners, if 0F # & then 9, E # & and E is a manifold with corners. Further, it will
be necessary to consider the case where F has corners and the group of the bundle
preserves the faces of F. Then 9, E will be a union of faces.

Let A(E X I; E XOQOuU d_E X I) be the subgroup of those h €
AS(E X I, E X0 U 0_FE X I) which are bundle automorphisms over h e C(M).
The homomorphism 4 — h defines a fibration

m(&): A(E X I, E X0U d_E X I) - C(M)

with fibre consisting of all bundle automorphisms over id,, ., which are fixed over
M X 0uU oM X I. That #(§) is surjective and a fibration follows from the covering
homotopy property of §. Similarly, we get a fibration

#(¢): A (EX I, EXO0UJd_E X I)—C(M)
with exactly the same fibre and hence an isomorphism
7 4 )/ 4,0 - &M)/C(M).

But in any case the fibre of #(£) (or 7(£)) is obviously contractible, so that 7(§) and
#(£€) are homotopy equivalences.

The involutions 7, 7 restrict to A ,(), A4,() resp., and 7(£), m(§) commute with 7, 7
resp. If M = N X I", then E = Ey X I", E, = E|N % (0), andA() A,( ) have
an r loop space structure which is preserved by #(£), 7(£) resp.

The transfer. Given §: E —» M as above, define the transfer T = T(§): C(M) —
C(FE) as the composmon T=o0_°m" C(M)—>A (EXITEXQUOJ_EXI)
- C(E) Define T: (M) — C(E) and T C(M)/C(M) - C(E)/C(E) similarly.
T and T are defined up to homotopy, whereas 7 is uniquely defined.

It will be possible to choose a specific right inverse to w(§) as soon as we
introduce a “parallel transport” on £ A parallel transport I' in a Diff-bundle §
associates to any piecewise differentiable path A: [a, b)] > M a diffeomorphism
TQ) = A,: £ '(A(@) — £ ~'(\(b)) with the usual properties. For any concordance
ki M X T—>MXI, k(x,t)=(k(x, 1), ky(x, t)), we define y(k): E X I > E X I
by y(k)(z, 1) = ((k{)x2, ko(x, 1)), where k{ : [0,f] > M is the path ki (s) =
ki(x, s), and x = £&(2).

If ¢ has a Lie structure group G, then we may obtain a parallel transport in the
usual way by choosing a connection in the associated principal bundle. Then for
any k € C(M), y(k) will be a G bundle isomorphism.

For an arbitrary differentiable bundle with compact fibre one may always define
a parallel transport by choosing a Riemannian metric on E respecting 9 , E. Given
a path A: [a, ] > M and the tangent vector A'(¢) to A(f), we may lift A’(¢) to any
point of £ !(A(¢)) by taking the unique vector orthogonal to the fibre which
projects onto A’(¢). The integral curves of this vector field over A define a parallel
transport.
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For a topological bundle we define parallel transport over arbitrary paths in M
as follows:

Let pg: M! — M, py(w) = w(0). Let Py = p&(£), Py = {(w, z2) € M' X E|w(0) =
£(2)}. Consider the homotopy p: M' X I — M, p(w, f) = w(¢). By the CHP there is
a bundle map ¢: Py X I — E covering p,. For A: [a, b] > M define A: £ \(a)
— &£ IAB)) by A, (2) = &(\, 2), 1), where A: I - M, N(¥) = Ma + #(b — a)). Note
that if £ has the topological structure group G, then since ¢ is a G bundle map, A, is
a G bundle isomorphism and y(k) will be a G bundle isomorphism for £ € C(M),
v(k) defined as above.

Now if M = N X I" one may always choose parallel transport in E = E,, X I"
by starting with a parallel transport I', in E, and defining I'(A) for A: [a, ] > N
X I, A(t) = (), M), by TQ) = Ty £ 7M@) = & 'Ay(@) — & 'A(5)
= ¢ '(A(b)). Then y: C(M)— A(E X I, E X 0 U d_E X I) will preserve the r
loop space structure. Since _: A ) —> C(FE) clearly preserves the r loop space
structure, T will preserve the r loop space structure if we choose 7 = ¢_ © y. Thus
T deloops r times. This delooping will be independent (up to homotopy) of the
choice of I since 7(§) is an r loop space map and a homotopy equivalence.

From now on we will denote the transfers T, T, T indiscriminately by 7 and
similarly the involutions 7, 7, 7 by 7, etc. The specific choice will be indicated by
the context.

The suspension. If & M X F— M is the trivial bundle, then we can choose
parallel transport so that y: C(M) — A(E X I; E X 0 U 9_E X I)is just product
with id,. In particular, if F = I, then T: C(M)— C(M X I) is easily seen to be
equivalent to rotating the concordance h: M X I - M X I by 180° in M X I X
I

id \
h
< h
I - AN
h
id
N I

where the arrow indicates the direction from O to 1. This is the Hatcher and
Wagoner stability homomorphism 2: C(M) —» C(M X I) (see [H] and [BL)). If £:
M x D* > M we denote T(¢) by =*.

Properties of the transfer.

14 3
PrOPOSITION Al. If §”: E'— E— M is a composition of bundles, then T(¢") ~
T(€) > T().

Proor. Choosing parallel transport in £” by composition, we have y” = y’ o y.
Then T(£”) differs from T(§) o T(§) only because of the ordering of the faces. The
result follows.

REMARKS. (a) If M = N X I’, this is a homotopy of r loop space homomor-
phisms.

(b) If E= M X D* =% ~ (D).
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PROPOSITION A2. Given §: E - M”" and N" ¢ M™", then
cN) 5 o)
T(e|N)| 1T(e)
C(EIN) 5  c(E)
commutes. Similarly for C and C/C.
Proor. This is immediate from the definition.

PROPOSITION A3. Let £ E"** > M" be the union of two subbundles & EM
M", i = 1,2, intersecting in a common face, £&5: E}**~' > M". Let iy: E; X [ > E
be the inclusion of a collar neighborhood, and i\, i, the inclusions of E, and E, in E.
Then

T() = i, T() - (h=T(&) - i, T(E).

PrROOF. Diagrammatically we have:

The result is immediate from the definition if we choose parallel transport on E
leaving E,, i = 1, 2, invariant.

PROPOSITION A4. Let ¢ E"*k > M" be the trivial bundle M X F — M. If
D* c Fis a small disc, then T(§) = (i=YE) gnd T(¢),: n,C(M) — 7,C(E) satisfies
T¢), = x(F)-iZ%,i: M X D¥ ¢ M X F.

PROOF. (a) The result holds for F = S*. This is obvious for F = S' by writing
M X S'=M X D'UM x D! and applying A3. The general result follows by
induction by repeatedly applying A3 to M X S = M x D*¥ U M x D*.

(b) The result holds for F = S? X D9 p + q = k. This follows from Al.

(c) The general result follows by taking a handle decomposition of F.

PROPOSITION AS. Let & E — M be a bundle with fibre F, and &,: Ey— M the
associated bundle with fibre dF. Then

Tr- (1T)" ' ~ iZTyr.

PrOOF. (a) Define ¢: C(M)— C(M X I), where ¢(h) = a(h) - B(h)~",
a(h), B(h) € A<M X I?):

a(h) = h

M h
i.e. a 90° rotation. (The arrow indicates the direction from 0 to 1 for A.)
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= A -
Bl = A

h

.
L4

i.e. 90° rotation in the first quadrant multiplied by id, X A ~'. Note that 8(k) can
also be written.

) 1
B(h)r(-h)‘ S ATCREE I £1¢Y

Y

" 1(h)

(b) Since y: C(M) - A(E X I, E X 0 U d_E X I) commutes with 7, it is clear
from the definition of o_ that Tr- (rT) ™' ~ i¢pTyr, ¢: C(Eg) —» C(Eg X I).

(c) Finally, it is not difficult to see that ¢ ~ Z. (The proof is given in the
appendix.)

COROLLARY A6. Let §: E — M be a bundle with closed fibre F; then Tr ~ T.
COROLLARY A7. 21 = (1Z) "L

PROOF. For E = M X I, Ey = MIIM and iZTyr = (Sr). Thus since T = =, we
have from AS, =7 (rZ)! = (S1)

COROLLARY A8. With the hypothesis of AS, if T is trivial, Tr = T.

DEFINITION. Let £&: E — M be a bundle. Define S(§): C(E) - C(M X D?), s
large, as follows: For s sufficiently large, £ is homotopic to an embedding of E in
M X D* with a normal (orthogonal or topological) disc bundle ». Let E(») be the
total space of »: E(v) - E. Let S(): C(E) ~ C(E(#))-> C(M % D*). Then S(¢) is
stably unique (up to homotopy). If M = N X I’, S(§) clearly preserves the r loop
structure since 7(») and i do.

PROPOSITION A9. Let ¢: E — M be the trivial bundle; then S(§) ° T(§): C(M) —
C(M X Dk*s) is (Sk+sy),

PrOOF. The normal bundle » of E in M X D*** satisfies )M X D¥* c M X F
= E is M X D***. The result follows from A4 and the definition of S(§).

PRrOPOSITION A10 (CF. [BL]). Let £&: E — M be any orthogonal or topological disc
bundle; then S(§) o T(§) = =k,

PRrOOF. In fact, £ @ v is the trivial disc bundle. Hence E(¥) = M X D*** c M
X D*** by the standard inclusion. Thusi o T(») ° T(§) = i o T(» ® § = Zk*=.

Now let &: E"** > M”", i =1,2, be two bundles and ¢: E, — E, a fibre
homotopy equivalence, and y: E, — E, a homotopy inverse. Then for s sufficiently
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large, iy: E, - E, X D’ is homotopic to an embedding with normal (orthogonal or
topological) disc bundle ». Again if s is sufficiently large i¢: E, —» E(v) is homo-
topic to an embedding with normal (orthogonal or topological) disc bundle. Since
E, C E(w) CE X D* is homotopic to the inclusion, for s sufficiently large, the
normal bundle of E, in E(») is trivial.

Let F; be the fibre of E,, i = 1, 2. Then if U C M is contractible, ¢: U X F, —
U X F, c U X E(¥|F,) is a fibrewise map. Write F; = E(v|F,) = fibre of E(»v) -
E, > M. Then ¢|U defines a map ¢,: U — Maps(F,, F;). For s sufficiently large,
7, (Maps(F,, F;), E(F,, F;)) = 0 for i < n. Thus by induction over charts we may
deform i¢ fibrewise to a fibrewise embedding ¢': E; C E(»), as bundles over M.

In the Diff category it is immediate that ¢’ has a fibrewise normal disc bundle in
E(v), which must be trivial by our choice of » above. Thus ¢’ extends to a fibrewise
embedding of E, X D’ in E(»), as bundles over M.

In the Top category, we can assume that F, has a normal disc bundle in F; and
hence, by the isotopy extension, U X F, has a fibrewise normal disc bundle in
U X F; for each chart U in M. Again this bundle is trivial, and we have a fibrewise
embedding of U X F;, X D* in U X F, extending ¢’|U. Now on the overlap
U, N U, of two charts we have two fibrewise trivial normal disc bundles of
(U, n Uy X Fin (U, N U,) X F,. By shrinking the discs in one of these, we have
an embedding (U, N U,) X F X D* — (U, N Uy X F X D* which defines a map
of (U, N Uy X F— E(D*, D*). Now from the fibration C(S°~')— A(D*) >
E(D*, D*), and the fact that 7,C(S*"') =0 for i <s— 1, we see that for s
sufficiently large (U, N U,) X F— E(D*, D*) may be deformed to a map U, n
U,) X F— A(D*). Thus we may adjust the overlap of the bundles to give a
fibrewise embedding of (E,|U, U U,) X D° in E(»)|U, U U,. By induction over
the charts in M, we get a fibrewise embedding of E, X D* in E(») extending ¢'.
Thus we have proved:

PROPOSITION All. Let &: E,."+"—> M" i=1,2, be two bundles and ¢ a fibre
homotopy equivalence. Then for s sufficiently large, there is an s disc bundle
E(v) - E, (orthogonal or topological, resp.) and a fibrewise embedding  of E, X D’
in E(v), as bundles over M, such that E, — E, X D“‘iE(v)—»E2 is fibrewise
homotapic to ¢.

Referring to the notation above, if ¢: E; — E, gives a simple homotopy equiva-
lence of F, to F,, then F;, — F, X D® is an s cobordism and so is isomorphic to
F, X 87! X I. Thus E(») decomposes into two bundles over M, E, X D° and a
bundle E’ with fibre F; X S*~! X I, identified along E, X S*~'. On the overlap of
two coordinate charts the bundle E’ is made by glueing U, X F, X $*7' x I to
U, X F, X §*7 "X I by a map a,,: U, N U,— A(F, X S*7' X I), where if ry:
A(F, X S*71' X I) > A(F, X S$*7") is the restriction to the “0 end”, rya,, is the
glueing of E’ X S*~ ! over U, N U,. If a;, ~ rya;, X id,, then E(»)|U, U U, is
equivalent to E; X D*|U; U U, by a fibrewise isotopy of 4| U, U U,. Note that

ayy © (roayy X id,) " Uy N Uy — A(F, X S*71 X I; Fy X S$*7! % 0)
~ C(F, x §*7").



GEOMETRIC TRANSFER AND HOMOTOPY TYPE 15

So inductively assume that E'| U,_, U=~ E; X §*7' X I| U, U, Then if a:
U N (U U)X Fy X 87U X TS E'NU, N (U, U) glues E'|U, to E'|

Ui<k U,

By (Ukn(U U)) X FyX S 'XI>E x87!x I|Ukn( U U,.)
i<k i<k
glues E, X S ' X I|U, to E, X §*7'x I| Uik Ui= E'| U, Us B oy is
defined by a map

i<k

U N ( U (J,.)—>4(Fl X STHX I Fyx 80T x 0) = C(F, x $°7').
i<k

In the topological category if F, is r-connected, m,C(F, X S*" ") =0fori <r +
2, s> r [BLR]. Thus if n <r+2, y will be fibrewise isotopic to a bundle
equivalence over M. In the Diff category, we can only assert that if F, is
r-connected then the inclusion of D***~!in F, X S*~! induces a homomorphism
7,C(D***~1) - 7, C(F, X S*~") which is surjective for i < 2r — 3 and injective for
i < 2r — 4 [BLR]. However, we can conclude that if £, i = 1, 2, are differentiable
bundles, £, is trivial (which implies that E’ has group C(F, X S°~ 1) and F, is
r-connected; then y is topologically isotopic to a topological bundle equivalence if
n < 2r — 3. Thus we have proved:

PROPOSITION Al2. With the hypothesis of All, and assuming the fibre of §, is
r-connected, r > n — 2, then in the topological category, ¢y may be taken to be a
topological bundle equivalence.

Letting C(y): C(E, X D*) — C(E(»)) be the homomorphism induced by y we
have by Propositions Al and A4

COROLLARY A13. (a) Under the hypothesis of Al12, C(y) o Z° o T(§,) ~
T(v) o T(§,) and S(&)) ° T(§,) ~ S(&,) ° T(&,) in the topological category .

(b) If & is trivial and x(F)) (= x(F,)) is trivial, then Z° o T(¢,) ~0 and
S(&)) o T(£,) ~ 0 in the topological category.

PROPOSITION Al4. Let £: E"** — M" be a fibre homotopically trivial differentiable
bundle with r-connected fibre F, r > (n + 3)/2. Then for s sufficiently large, there is
an orthogonal D* bundle v over E such that E(v) is topologically equivalent to
M X F X D* as a bundle over M.

COROLLARY A15. Under the hypothesis of Al4 in the topological category:
(a) S@) o TE) ~ (Y.
() If x(F) = 0, then Z° o T(§) ~ 0.

B. The spaces we deal with carry a natural (homotopy) involution whose
symmetric, respectively antisymmetric, part provides different types of behavior.
The success of our investigation comes from the possibility of regarding these parts
differently. We collect below the elementary homotopy theory involved in what is
actually the homotopy analogue of some trivial facts of linear algebra, and apply
those considerations to the geometric situations we are concerned with.
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Properties of Z(3) modules. Let (M, 1) be a commutative Z(3) module with
involution 7: M — M, i.e. 7 = id and 7 a Z(3) linear map. f: (M,, 7)) = (M,, 7,) is
called a morphism of Z(3) modules with involution if f is Z(%) linear and
7, f = f- 7,. Clearly we have:

@QM=M @M M ={me M|r(m) = m}, M* = {m € M|r(m) = -m}.

() AMy) C M3, (M) C M3 and f = f* @ f* with f° = f/ M} and f* = f/ M.

©If - > (M, 1) > (M, 7, ) >"+(M; 5, 7,,,) - - - is an exact sequence
of modules with involution then
£ fov S e S
- M ME —>'Mf+2—++2 ... and - -- M“—-)M,-‘lz—:M,‘Lz*' -

are exact sequences.

A weak commutative group with involution (X, ) is an H space X, whose
multiplication satisfies up to homotopy the axioms of “commutative groups” and
is an H map with 7> homotopic to identity. f: (X,, 7,) = (X,, 7,) is a morphism of
weak commutative groups with involutions if f is an H map with 7, - f homotopic to
f- 7,. For any weak commutative group we have two canonical involutions id, and
v: X — X with v representing the “inverse” with respect to the multiplication on X.

Properties of Z(3) commutative groups with involutions. A based pointed space
(semisimplicial Kan complex) (X, *) is called an odd space or a Z(%) space if
(X, *) is abelian and all homotopy groups =,(X, *) are Z(%) modules. A weak
commutative group with involution (X, 7) is a Z(%) weak commutative group with
involution if the space (X, e) is a Z(%) space. By localization to odd primes one can
pass functorially from weak commutative groups with involution to Z(3) weak
commutative groups with involution.

Using “general homotopy theory” one can prove that:

(a) For any (X, 7), a Z(%) weak commutative group with involution, there exist
two Z(3) weak commutative groups X* and X together with a homotopy equiva-
lence of weak commutative groups with involution hA(X, 7): (X, 7) - (X° X X,
idy, X vya).

(d) If f: (X}, 7,) = (X,, 7,) is a morphism of Z(3) weak commutative groups with
involution, then there exist the morphisms f°: (Xj, idy;) — (X3, idyy) and f*
(X7, vxe) = (X3, vxe) of Z(%) weak commutative groups with involution so that the
following diagram is (homotopy) commutative:

X, - X,
h(X,, 1) (X5, 1)
X x Xe - X3 X X§

(c) Let (X, 7,)—'>(X2, 72)—8>(X3, 73) be a fibration with (X, ,) Z(3) weak com-
mutative groups with involution and f, g morphisms. Then X f—f—>X§f->X3‘ and
X {‘—»X;iX;’ are fibrations. The geometric splitting we just described corre-
sponds to the algebraic splitting previously described in the following sense; if K is
a space (semisimplicial Kan complex) then the set [K, X] of homotopy classes of

maps has a natural group structure of Z(%) module with involution and [K, X} =
[K, X°), resp. [K, X]* = [K, X°].
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(In the examples below we use the notation A /A(M) = A(M)/A(M), C/C(M)
= &M)/C(M)) i

ExampLes. (1) The involutions 7, ¥, 7 on C(M X I"), C(M X I") and
C/C(M x I"). These will all be denoted abusively by .

(2) On A(M X I) define the involution o by a(h) = (1 X A) o h o (1 X A), A(¥) =
1 — ¢.On A(M X I") we can define r involutions, one for each I factor in M X I".
However, they are all homotopic by involutions and will all be denoted by o.
Likewise on C(M X I") we may define involutions ¢ with respect to the I factors
in M X I". Again these are all homotopic by involutions to each other, but not to
. We also denote the corresponding involutions on A(M X I"), &(M x I"),
A/AM x I),C/C(M x I") bye.

(3) On the loop space X of any space X we define the involution p by
p(a)(?) = a(l = 1), a: [0, 1] > X.

We observe that localized away from two, the following are weak commutative
groups with involution:

(1) C(M x I"), (M x I")forr > 0,and C/C(M X I") for r > 1, under r.

(2 AM X I7), AM x I'), C(M x I"), C(M x I") for r >0, and
,Z/A(M x 17, C/C(M X I") for r > 1, under o.

(3) ©X for X an H space, under p.

@ AC/C(M x I) for r >0, under o and 7. QA/AM X I")) for r >0,
under o.

We will denote the symmetric and antysymmetric parts under o by ( )°, ()?; and
under 7 by ()*, (). Since ¢ and 7 commute on C(M X I"), localized away from
two, C(M X I") splits into the product of the four weak commutative groups:
CM X I'Y*,C(M X I'Y~,C(M X I"?**, C(M X I")*".

Although C(M") is not a weak commutative group, we will show it has the
[n/2] — 3 type of a weak commutative group. We need

ProposITION Bl [BLR). If n > 5, M" is k-connected, and M" is obtained from
Mg c M" by adding handles of index greater than r, r <n — 3, then (1) i:
C(My) » C(M) is inf2r — 3, r + k — 2)- (resp. inf2r — 3, r+ k—2,r +2))
connected in the Diff (resp. Top) category; (2) i: A/A(My)— A JAM) is
infQr — 2, r + k — 1)- (resp. infQr — 2, r + k — 1, r + 3)-) connected in the Diff
(resp. Top) category.

LEMMA B2. Let My, be the union of all handles of M" of index < [n/2]. Let

N l= OM,, ;. Then M is obtained from a collar neighborhood N X I C M by
adding handles of index greater than [n/2].

CorOLLARY B3. it C(N X I) > C(M) is ([n/2] — 2)-connected and i:
A/AN X I)> A/A(M) is ((n/2] — 1)-connected. (This result improves somewhat
with the connectivity of M.)

This gives

ProPOsSITION B4. The following are fibrations of weak (commutative) groups with
involution (when restrtcted to the Postnikov term indicated and diim M = n).

(1)(@) (@A(M), 1) > (A(M X 1), 0)>(C(M), 7) (up 10 [n/2] — 3),
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(b) (QA(M), p) > (A(M X I), 0) > (C(M), 7),
() (RA/AM), p) > (A/AM X I),0) > (C/C(M), 7) (up to [n — 1] — 2);
(2)(a) (A(M X 1?), o)—'>(C(M x I), o)—r>(A(M x I), o),
(b) (A(M X I?), 0) > (C(M X I),0) > (A(M X I), 0),
(©) (A/AM X 1%, 0) > (C/C(M X I), 6) —(A/AM X I, 0) (up to [n/2]
-2).

Now using the fact that (X )* is trivial by definition, and the fact that C(M) is
contractible [BLR] we get from B4(1)(a)—(c):

PROPOSITION BS. Localized away from two, the fibrations of B4(1) split:
(@) *— A(M % 1y > C(M) SZA(M)—>A(M X I > C(M)~,
(b) *— A(M X Iy — *, QA(M)—)A(M X I)"—)*
(c) *—> A/A(M x Iy —» C/C(M)*, QA/A(M) — /i'/A(M X I -
¢/cmy”,
up to the Postnikov term indicated in B4.
Using the information from BS, we get

PROPOSITION B6. Localized away from two, the fibrations of B4 (2) split:
Q)@) AM X 1Y) > C(M X Iyt —»,
AM X 1% > C(M X I)*~ — A(M X 1),
x— C(M X I~ = AM X Iy, x— C(M X I)** > x,
(b) AMM X 1% = x— %, A(M X %" - x—> AM X 1),
*— *—> ,Z(M X IY, #— *— *,
(A/AM X I*¥ > C/C(M X Iy¥* >,
A/AM X 1" 5 C/C(M X I)*~ > A/AM X 1),
x> C/C(M X I¥~ > A/AM X Iy, »—> C/C(M X I)** -«
up to the Postnikov term indicated in B4.

REMARK. If M = N X I’, then the fibrations of B4 and the splittings of BS5, B6,
deloop r times, and the restrictions on the Postnikov term are only needed in the

rth delooping.
For the homotopy groups #,( ) = m,( ) ® Z(3) we have (without restriction)

PROPOSITION BY'. (1)(a) #2A(M X 1)~ &} C(M), and we have the exact sequence
S @AM X I) 57 C(M) > #AM) > #_AM X I) > - - - > 7A(M).

) #AM X I)=0and #,, [AM) =~ s°A(M X I),i > 0.
©#FA/AM X I)~=}C/C(M), and we have the exact sequence

> #A/AM X 1) > % C/C(M)—> A/ A(M)
& AJAM X I)> - > Ad/A(M) 0.

PrROPOSITION B6. (2)(a) #AM X I%) =~ #*C(M X I), # C(M X I) ~
wAM X I), #°*C(M X I) = 0, and we have the exact sequence

SalA(M X I?) 5> & C(M X I) > #A(M X I)
—>a’ AM X I*) > - - - Sa3A(M X I).
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() 7AM X I?) = m?AM X I) =0 and %, AM X I) =#?A(M x I?), i >
0.
(©) FA/AM X 1) =a*C/C(M X I), #~C/C(M X I)=wd/AM X I),
9‘,‘*6‘ /C(M X I) = 0, and we have the exact sequence
> /AM X 1?) 5= C/C(M X I) >=’A/A(M x I)

>wl A/AM X I} > - - Sed/AM X I) >0.
Let BA(M X I), resp. B,A(M X I), be the classifying spaces of A(M X I)
under composition, resp. juxtaposition; and similarly for A(M X I), C(M X I)
and C(M X I).

PROPOSITION B7. There is a homotopy equivalence
Y: B,AM X I) > BA(M X I)
and similarly for j(M X I), C(M X I)and C’(M X I), which is natural with respect
to the inclusions j: A(M X I) —> A(M X I),~j: CM XI)>CM X I), i
AM X 1) > C(M X I)and i: AUM X 1) > C(M X I). If M = N X I', then
deloops r times and commutes with o as defined by these I factors.

COROLLARY B8. The homotopy theoretic fibre F. of Byj: B4C(M X I)—
B,.C(M X I) is homotopy equivalent to C/C(M X I), and similarly for F, and
AJAM X I).

Since 7 induces involutions on B,C(M X I) and B,C(M X I) with B,
equivariant, it induces an involution on F..and hence a homotopy involution 7 on
C/C(M X I).

COROLLARY BY. i: A/A(M x I*) - C/C(M X I) satisfies ioc ~ Ti.

PROOF. By naturality A /A(M X I1?) ~ F, > F. ~ C~/ C(M X I) is homotopic
to i. Since By j: B A(M X I?) > B, A(M X I?) commutes with ¢ defined by the
free I factor, we get an action of o on F, such that 4/A(M X I )~ F, is
equivariant. Since ioc = i on A(M X I?), (Fi)o = 7(Fi) on F,. The result follows
from the definition of 7.

PROOF OF PROPOSITION B7. Let R_, = (—s, o0), and for a base pointed space
(X, *) let PX denote the space of paths which start from *. Define 7,: M X R —
M X Rby T(x,r) = (x, r + t). Define

¢: Emb(M X I, M X [0, 00); M X 0 U 8M X I) - P Emb(M, M X R_))

by ¢(h),(x) = T_,h(x,t), 0 <t < 1; here we consider M X [0, ©0) C M X
(—1,0)=M X R_, C M X R.Then we have a map of fibrations:

AM X 1) Y QEmb(M, M x R_,)
\) )
E(M X I, M X[0,00); M X0U M X I) % PEmb(M,M x R_,)
l )
¢

E(M x (1), M X (0, )) 5 Emb(M,M X R_,)
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where ¢,(h)(x) = T_,h(x, 1). Now ¢: A(M X I)—Q Emb(M, M X R_)) sends
Jjuxtaposition to loop space addition, and ¢, is an equivalence. Since the total
spaces are contractible,

By !
Wi BoAM X 1) %5 Emb(M, M x R_)"> Emb(M x (1), M X (0, ©))
~ BA(M X I)

is a homotopy equivalence which satisfies all the properties.

ADDENDUM. There is a homotopy equivalence ¢: C(M X I) —QC(M X R)
which is a homomorphism with respect to composition, and which commutes with
7 (the composition and involution on QC(M X R) being that induced from
C(M X R)). Similarly for (M X I), A(M X I)and A(M X I).

ProOF. The restriction r: C(M X R)—» C Emb(M, M X R) is a homotopy
equivalence, since the fibre C(M X R; M X 0) is contractible. Define

¢:C(M X I)>QC(M X R_,) bye(h) = T_,hT,

Then ©(r)¢ = ¢; and since ¢ is a homotopy equivalence (see proof above), ¢ is a
homotopy equivalence. (Note we take h(x, r) = (x, r) forr <Oorr > 1.)

C. Consequences of stability. In this section we assume Z: C(M") -» C(M" X I)
is an w(n) homotopy equivalence where w(n + 1) > w(n) and lim,_,  «w(n) = oo.
According to the result of Hatcher [H] as corrected by Hsiang we can take
w(n) ~ n/6 in the PL category. This implies we can take «(n) ~ n/6 in the Top
category and w(n) ~ n/12 in the Diff category [BL].

Since = anticommutes with 7 and =: C(M X I) - C(M X I?) clearly commutes
with o, we have

Cl. 3: C(M X I’ - C(M x I*** and hence by B6(a) and stability,
C(M X I)*” is w(n + 1)-connected, and thus by B6(a), (c), B6'(a), (c):

C2. (a) QAM X I)" - A(M X I**is w(n + 1)-connected.

(b) QA/AM X Iy > A/AM X I?? is inf(w(n + 1) + 1, [n/2] — 2)
connected.

©) 7  AMM X I) ~#°AM X I1?),0<i < o(n + 1).

) 72 AJAM X I)~nfA/AM X I?), 0 <i < w(n+ 1)+ 1 and hence by
induction (since mgd /A(M X 1) = 0), 1A /A(M X I) = 0,i < w(n + 1).

Applying these results to BS” one gets

C3. #7C/C(M)—>w%,A/A(M) is an isomorphism for i < «(n + 1) and an
epimorphism fori = w(n + 1) + 1.

Now note that stability implies that C(M) is a weak commutative group up to
w(n), and hence #;C(M) ~=,C(M)™ up to sup(w(n), [n/2] — 3). Thus we have
(writing X 44 for X localized away from two) from B5, B7 and C3:

THEOREM CA4. For the w(n) Postnikov terms we have the oXn) equivalences
C(M)™ ~(QA/AM))osy  C(M)* ~A(M X I)"

These equivalences are natural with respect to inclusions M’ c M", and if M = N
X I" they deloop r times.
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Since =2 commutes with 7, C4 implies

CS5. (a) A(M X I)* is w(n) equivalent to A(M X I¥*1y
and C1 and B6 imply

C5. (b) The following are w(n + 1) equivalences:

CM X I)” ~AM X I)’, C(M XI)" ~A(M X I?’,
AM X I)* ~AM x I)°,  AM X I)’ ~=.
In particular, since A(M X I)y4q =~ A(M X I)’ X A(M X I)?, we have:

PROPOSITION C6. There is an o(n + 1) equivalence A(M X I),,, ~AM x I )odd
X C(M X I) .

Note that Proposition C6 is equivalent to C4 (with M X I for M) together with a
cross-section of the fibration QA/A(M X I),4q— A(M X I)oyq— A(M X I)4y
or equivalently that the quotient map A(M X I) > A/ A(M X I) localized away
from two is homotopically trivial. This is almost true for A(M). To explain this let
us denote by ‘JC(M ), respectively JC(M), the block versions of JC(M), respectively
I(M); a typncal k-simplex being a face preserving simple homotopy equivalence,
respectively, which restricts to the identity on A[k] X dM, h: A[k] X M — A[k] X
M. It is immediate that the inclusions JC(M) C JU(M), respectively IC(M)
C@(M ), are homotopy equivalences.

THEOREM C7. (a) The projection q: A(M)— A / A(M) when localized away from
two and restricted to the «(n) + 1 Postnikov term factors through q': ‘JC(M)—>
A/A(M) up to homotopy.

(b) Moreover, there is a map B: [‘JC(M)]G(,,)H — [C/C(M)]“,(,,)‘gl such that ¢’ and
rB are homotopic when localized away from two, where r: C JC(M)—> A/A(M) is
the restriction map.

CoroLLARY CB. Logalizgd away from two and restricted to the «(n) Postnikov
term, QI /A(M) = QI /A(M) X C(M)~.

Since A (M) —>_3:C_(M ) factors through 3~C(M )s

CoroLLARY C9. Logalizgd away from two and restricted to the w(n) Postnikov
term, QI /AM) = QI /AM) X C(M)~.

In order to prove Theorem C7 we need the following results:

(i) Localized away from two - - - X idgm: A/A(M)— A/A(M X $*') is an
w(n) + 1 equivalence.

Consider the fibre A(M X D"; M) of ithe restriction r: /f(M X D7)
\—>Emb(M M X D’), and let A% M X D) be the subgroup of A(M X D": M) of
orthogonal (resp. topological) bundle automorphisms of the trivial bundle M X
D7, then:

(ii) The inclusion 4%(M x D") —»Z(M X D’; M) is a homotopy equivalence in
the Diff f category and (r — 1 — n)-connected in the Top category.

Let Embo(M M X D") be the subspace of Emb(M M X D") of embeddings
which are s1mple homotopy equivalences.
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(i) If p: Emb(M, M x D") »J((M) is the composition with projection of
M X D" on M, then pis(r—1— n_)-connected.

(iv) The forgetful map : C/C(M X D¥) >A/A(M X D¥*")is 2r — n — 2)-
connected. -

Assume we have proved (i)-(iv).

PROOF OF (a) The image of r: A(M X D7) —>Emb(M M X D7) is a union of
components of Emb°(M M X D’) and r induces

7. A(M x D")/A%M x D") - Emb (M, M x D"),
which by (ii) is a homotopy equivalence (r — 1 — n equivalence) onto these
components. Consider the commutative diagram, where ~ will mean an equiva-

lence of w(n) + 1 Postnikov terms when localized away from two and for r
sufficiently large:

~ x ids2r - ,
AM) — A/AM) — AJAM x §°7)

\idD2r+l ~
(9] ~
2(M « D2r+l) _,Z(a(M % D2r+l)) -—’A/A(B(M % D2r+l))

S Emb°(M M x D?Tt?%) <—A/A°(M x D1y — J/AM x DY)

The equivalence follows from Theorems C4, C5 and Bl. By commutativity of the
diagram, (a) follows by reversing the equivalences and 7 (sending the extra
components of Emb%(M, M x Dz’“) trivially).

PROOF OF (b). Let a: S}C(M) —A/A(M X D¥*') be the map obtained by
reversing 7 and the equlvalence prowded by (iii), in the bottom line of (I). Let
B = (Z¥)7'9 ~'a. For r sufficiently large this is defined. The result now follows
from (I) and the commutative diagram

~ X ids2r ~ 2
A/AM) —S——A/AM x §*7)

() ] i \

Tio) —S2 Tomr x s?ry AJA@M x DY)

= I

~ -1 ~
Tjomm x p2ry 8 Zjamr x D)
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REMARK. Note that for any manifold N, the diagram

2

C'(f'f)—fd——> AM x N x 1)
XIN

CM x N)

is homotopy commutative. Hence

KOy yer 22 [CIOM] a1

(111) r

~ M)(N) ~
KM x M)y 20 [EleM % M o nyer

is homotopy commutative.
To have the proof of Theorem C7 finished, it remains to check (i)—(iv).
PROOF OF (i). This is immediate from C3 and the commutativity of the diagram

aC/cM) S amE/cM x $%)
! | !
ndjaM) S nd/AM x %)

Note that X $% on C/C(M) is the transfer for the trivial bundle M X S%* —> M
and hence commutes with 7.
ProOF OF (ii). Consider the fibration

AM X S"'X LM XS x0) - A(M X D"; M)
— E(M x D/, M x D"; M)
where, for oM # 0, é(M X D"; M) must be replaced by the homotopy equivalent
subgroup of the block automorphisms 4 with #(@M X D) C M X D’. The result
in the Diff category is immediate from the tubular neighborhood theorem and the
fact that A(M x S"~' X I; M x S"~! x 0) is contractible.
In the Top category (cf. [L]) we have the fibration
E(M x D, M x D"; M) - Im (M x D}, M x B") > Im(M, M x D).
Now !:I;I(M, M X D;’), r > 3, is a space of sections of a fibre space over M with
fibre G/G,, and Im(M X D/, M X D") is a space of sections of a principal
fibration with fibre Top. Thus @(M, M X D")is (r — 1 — n)-connected, and
fn_l(M X D!, M X D") = Maps(M, Top).
Since AAM X D") = Maps(M, Top,) and AqM X D") —>_I_’111(M X D', M X D")
corresponds to the map Maps(M, Top,) — Maps(M, Top) induced by the inclusion
of Top, in Top, the result follows from the fact that #(Top, Top,) = O fori < r.
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PROOF OF (iii). ij(M, M X D") = concordance classes of proper embeddings f:
D/ X M- D/ X M X D" such that flJoD/ X M = inclusion. If j <r—n—1,
thenj + n+ r > 2(j + n) + 1, and the result follows from the Whitney embed-
ding theorem.

PROOF OF (iv). From the map of fibrations:

A/AM x D¥*) > C/C(M x D¥) > A/A(M x D¥)
Il 16 Vi
A/AM X D¥*Y)  —  AJAM x D¥*') — A/A(d(M X D¥*"))

and Proposition B1, the connectivity of 8 follows.
Using the stability assumption we can now interpret a number of the results of
§A in the stability range.

THEOREM CI10. On the w(n) Postnikov term:

@) If & E— M" is any orthogonal or topological disc bundle, T(§): C(M) ~
C(E).

(b) If &: E — M is a trivial bundle and x(F) = 0, T(§) is trivial.

(©) If ¢&: E — M is a trivial bundle and x(F) = 2, then localized away from two,
T(¢): C(M) ~ C(E).

(d) If & E—> M is a fibre homotopically trivial bundle and F is r-connected
(r>n—2if & is topological, r > (n + 3)/2 if ¢ is differentiable), then in the
topological category:

(1) if x(F) = 0, T(§) is trivial,
(2) if X(F) = 2, then localized away from two, T(§): C(M) ~ C(E).

PROOF. (a), (b), (¢), (d) follow respectively from A10, A9, A9(b) above and A13
and AlS.

DEerFINITION. We will say that a disc bundle is fibre homotopically trivial if its
associated sphere bundle is fibre homotopically trivial. A disc bundle will be called
stably fibre homotopically trivial if the bundle plus a trivial bundle is a fibre
homotopically trivial disc bundle.

COROLLARY Cl1. Let &: E > M be a topological k disc bundle which is stably fibre
homotopically trivial. Then on the w(n) Postnikov term:

T ~(TE) .

PrOOF. Take s large and such that kK + siseven. Then { D 1;: E X D' > M is
fibre homotopically trivial, i.e. its associated sphere bundle (§ D 1,),: (E X D*)y—
M is a fibre homotopically trivial $***~! bundle.

Since k + s — 1 is odd, x(S¥**~") =0 and T((¢ ® 1,),) is trivial by C10(d).
Hence by A8, T(¢® 1)r=1T((D 1). But T¢D 1)) ~ZT(§) and 2’ is an
isomorphism (on the w(n) Postnikov term). Hence the result follows from A7.

We wish to prove a version of Cl11 in the Diff category. We will only be able to
do this localized away from two. We first need to develop a theorem from [BL].

Let X be a finite complex and N"(X) a regular neighborhood of X in some large
Euclidean space E". Then N"(X) is a smooth compact manifold and N"*!(X) =
N"(X) X I. Let P(X) = lij,n,. C(N™(X)), under Z, PA(X) = 1i_r>nn CTP(N"(X)) and
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Py(X) =lim, CP*(N"(X)). Then from [BL] we have

THEOREM Cl2. m(P(X)/Pp(X)) = H(X; %), where H( , ¥) is a homology
theory with coefficients in the spectrum %.

Now let M" be a smooth compact manifold and E(») its normal bundle in some
large Euclidean space E"*°. Then E(») = N "”(M ) Then on the «(n) Postnikov
term we have C(M) i) C(E(»)) = C(N "*’(M))—) P(M) is an isomorphism
which is natural with respect to inclusions M’ Cc M" and with respect to the
forgetful map from the Diff category to the Top category. Hence if M" = M U
M7} with M; N M, an n — 1 manifold, we have

C13. For i < w(n), there is a Mayer-Vietoris sequence

- '”iCToP/CDm((Ml N My) x 1) “"”'iCTOP/CDm(Ml) @ '”iCTOp/CDm(Mz)
- 7,CT?/CP (M) > 7,_,CT®/CP (M, N My)) X I) > ...

TueorReM Cl4. Let &: E— M" be an orthogonal S* bundle over the smooth
manifold M, 2k — 1 > (n + 3)/2, which is fibre homotopically trivial. Then on the
w(n) Postnikov term, T: CP(M) —» CP™(E) is an equivalence when localized away
Jfrom two.

ProOF. Take a handle decomposition of M. Then over each handle D’ x D"~/ ¢
is trivial. Hence T(((D‘ X D""')) is an equivalence in both the Diff and Top
categories and hence on CT/CP¥ (D x D"~%). The same is true for §'~! x
D" x I, S'~! x D" the boundary of the handle. Hence by induction over the
handles and C13, T: C™?/CP*¥ (M) CT/CP*(E) is an equivalence (on the
w(n) Postnikov term when localized away from two). By Cl0(d), T: CTP(M) —
CT°P(E) is an equivalence. Hence by the 5-lemma, T: CP¥ (M) - CP¥(E) is an
equivalence.

CoRrROLLARY Cl5. Let &: E — M be an orthogonal k disc bundle over a smooth
n-manifold which is stably fibre homotopically trivial. Then localized away from two
and on the w(n) Postnikov term there is an equivalence 0(§): C(M) — C(E) such that

8T ~ (18(®) M.

PrOOF. Take s large and such that k + sisodd. Then { D 1;: E(D 1,) > M is
fibre homotopically trivial, i.e. its associated sphere bundle (¢ @ 1,),: E(§ & 1,), —
M is a fibre homotopically trivial S¥**~! bundle. Since kK + s — 1 is even, T:
CP*(M) - CP(E(¢ ® 1,),) is an equivalence by Cl4. Let i: E¢®D1,_,)) C
E( ® 1,), be the natural smooth embedding. Then i induces an equivalence on
CPH by B1. Define

T(£®1,), i~1/2 @&
8(¢): C(M) — " C(E(E®L,)) - “cE¢®1, ) > CE®).
This is well-defined equivalence in the w(n) Postnikov term and when localized
away from two, provided s is sufficiently large. Since the first two maps commute
with 7, while =17 = (+=* ")~ and 5 — 1 has the same parity as k, the result
follows.
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REMARKS. (a) If £ is trivial, then §(§) = T(£).

(b) In the Top category, 8(¢) = T(§).

In a certain sense all sphere bundles with the same first Stiefel-Whitney class are
stably fibre homotopically isomorphic when localized at zero. To make this precise
let BG be the classifying space for stable spherical fibrations and for any such
fibrations £ over X, let |£|: X — BG be classifying maps and ¢ *: 7,(X) — m,(BG)
= Z, be the homomorphism induced for the second homotopy group.

LemMMA Cl16. If X is a finite CW complex and §&,, &, are two stable spherical
fibrations over X with the same first Stiefel- Whitney class, then:

@) If &7 = &7 for any k > 1 there exists ¢: Y — X with Y a finite CW complex
so that ¢,: m (Y)— w,(X) is an isomorphism, m(¢$) ® Q =0 for 2 < i < k and ¢*¢,
and $*§,, the pull backs of &, and &, by ¢, are stably fibre homotopically isomorphic.

() If £F = &7, there exist £, £, over X X S? whose restrictions to X X {p} are
§,, respectively &,, and é,# #* éz#.

ProOF. (a) Let BSG be the classifying space for oriented stable spherical
fibrations and i: BSG — BG the map defined by considering any oriented stable
spherical fibration as a stable spherical fibration.

Clearly there exists |n]: X — BSG so that [£,| + i o || ~ |§;] and n¥: 7y(X) -
7,(BG) = Z, nontrivial, hence surjective. Let L be the homotopy theoretic fibre of
|n]. It is not hard to show that L has the homotopy type of a CW complex with
finitely many cells in each dimension. Let Y = L**D be the (k + 1) skeleton.

(b) Let |u|: S2— BG be the generator of m,(BG) = Z,. Consider |§,|, respec-
tively |§2|, the compositions X X S2l£l|_)<>|ul BG X BGH BG, respectively
X xS 2l£2|—>>(0 BG x BG—">BG, where p denotes the loop space multiplication in
BH and 0 the constant map.

THeOREM C17. Let &: E — M " be a topological (respectively orthogonal) oriented k
disc bundle. Then on the o(n) Postnikov term and localized at zero, T(§)T ~
(rTE) " (resp. BT ~ (r0E)).

PrOOF. It suffices to check that the result holds for § X 1: E X D°* > M X D°, s
large. If £* 5= 0 (the hypotheses of Lemma C16(a) are satisfied for £ @ 1, and the
trivial bundle), we can construct (by C16(a)) ¢: Y - M, embed Y in M X D* and
take N to be a regular neighborhood. Then £ X 1| is stably fibre homotopically
trivial. Then by C11 and C15 the result holds for £ X 1,.|N. Now by the remark
before Cl13, it m;C(N) —» m;C(M X D*) corresponds to m(P(Y)) N T(P(M)).
But P(¢) is a rational r equivalence provided ¢ is, by the relation between P(X)
and Waldhausen’s functor 4(X) [W]. Thus for s sufficiently large i: C(N)—
C(M x D*) will be a rational w(n) equivalence. Since i commutes with T(e © 1)),
hence also with #(¢£ @ 1,), the result holds for £@® 1,. Since T and hence 6
commutes with =°, the result holds for & If £ * = 0 we can extend ¢ © 1, to £ over
M X S2 x D*~2 (by C16(b)) so that £ restricts to £ @ 1, on

M x D?*x D"2 (M X D*x D*"2c M X S?x D*7?),
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We prove the statement for £ instead of £ & 1, which implies the statement for
£ @ 1, because of the naturality of 7(§) or 8(§) (by A2) and because the composi-
tion

C(M X D?>x D*"3) < C(M X §* X D*"?) c C(M X D*)

is a homotopy equivalence.

THEOREM C18. Let & E — M " be a smooth orthogonal or topological S** bundle, k
large. Then on the w(n) Postnikov term and localized at zero, T: C(M) — C(E) is an
equivalence.

ProoF. It suffices to check that the result holds for the bundle £ X 1,.:
E X D*—>M X D*, s large. If £* #0let ¢: Y — M be as in Cl6(a) (for £ D 1,
and the trivial bundle), embed Y in M X D* and let N be a regular neighborhood.
Then (¢ X 1,.)|N is fibre homotopically trivial. By C10(d) and C1, the result holds
for (§ X 1p,)|N. Now by the remarks before C13, i: m,C(N) - m;,C(M X D*)
corresponds to P(¢): m,P(Y)— m; P(M). But rationally, P(¢) is highly connected
provided ¢ is, by the relation between P(X) and Waldhausen’s functor 4(X) [W].
Thus for s sufficiently large i: C(N)— C(M X D°) will be a rational w(n)
equivalence. Since 7' commutes with i, the result holds for £ @ 1, and hence for §.
If £* = 0 we reduce to the case £ * # 0 by extending ¢ to é as in Theorem Cl17.

D. The functor S.

DEFINITION OF &. For X € P, let N"(X) be a regular neighborhood of X
embedded in some large Euclidean space E”. For n sufficiently large, N"(X) is
unique up to isomorphism. Further, N"*!(X) = N*(X) X I. Define $(X)
= 1211 n C(N"(X )/ C(N™(X)), where the limit is taken under X:
CIN*(X))/ CN"(X)) > CIN" (X)) / C(N"* (X)),

If f: X > Y, then f defines a unique homotopy class of maps of N"(X) into
N"™(Y). For m > n, this gives a well-defined isotopy class of embeddings of N"(X)
in N™(Y) with trivial normal bundle and hence an isotopy class of embeddings f:
N™(X) = N"(X) X D" — N™(Y). Further, if we take f,, ., = f,, X id,

m

Nmxy B Nm(y)
x1] L x1

S+
Nm+l(X) _)' N'"'H(Y)

commutes, and

C(fm)
covnxy L cmry)
=l =
cvmix) B avm(y))

commutes, and similarly for C. Thus f defines a map S(f): 'S(X)— S(Y) such
that f ~ g implies S (f) = S(g).
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Connectivity of 5.

PrOPOSITION D1. If f: X — Y is r-connected and Y is k-connected, then S (f):
S(X)— S(Y)isinfQr — 2, r + k — 1)- (resp. inf2r — 2, r + k — 1, r + 3)-) con-
nected in the Diff (resp. Top) category.

Proor. For n sufficiently large, we can assume N"(Y) is built up from N"(X) by
adding handles of index > r, and that the inclusion of N"(X) in N"(Y) corre-
sponds to f. By Proposition BI,

C/C(N"(X)) —» C/C(N"(Y))
is inf(2r — 2, r + k — 1)- (resp. inf(2r — 2, r + k — 1, r + 3)-) connected in the
Diff (resp. Top) category and the result follows.

COROLLARY D2. If f: X — Y is r-connected, S(f): S(X)— S(Y) is (r — 1)-
connected.

ProposITION D3. If for the diagram
ANB — B
f lg inP
A —- AUB
the horizontal inclusions are p-connected and the vertical inclusions are q-connected,
P> q > 2, then the induced map, Homotopy fibre S (f) — Homotopy fibre S(g), is
(p + q — 3)-connected (p + q — 2)-connected if w (A U B) = 0).

PrOOF. Let N"(4 N B) be a regular neighborhood in E”, n large. We may add
handles of index > ¢g to N*(4 U B) to build up N"(A4) and handles of index > p to
build up N"(B), so that N*(4) N N"(B) = N"(4 N B) and N"(4) U N"(B) =
N"(A U B). Dually, this means (1) we may add handles of index <n — g to
dN"(4) X Iin N"(A) to build up a manifold V" such that

N"(4) — V=N"(ANB) and N"(A U B) — V = N"(B),
and (2) we may add handles of index <n — p to IN"(B) X I in N"(B) to build up
a manifold W" such that
N"(B) — W= N"(A4Nn B) and N"(4 U B) — W= N"(A).
Thus we have a map of fibrations
C(N"(A N B) - C(N"(A)) — C Emb(V, N"(A))
l ) \
C(N"(B)) - C(N"(Au B)) — CEmb(V,N"(4 U B))
Now C Emb(V, N"(4)) = C Emb(V, N"(4 U B) — W). By Morlet’s lemma of
disjunction [BLR], applied inductively over the handles of V and W,
7(C Emb(V, N*(A U B))), C Emb(V,N*(AuU B)— W)=0 for i<p+q -3,
Pp>22q9g2>2(i<p+gq-2if m(4 U B) =0). Thus,
Homotopy fibre( BC(N"(4 N B))) > BC(N"(A))
— Homotopy fibre( BC(N"(B)))— BC(N"(4 U B))
will be (p + ¢ — 3)-connected ((p + g — 2)-connected if 7, (4 U B) = 0). Since
S(X) = li_r}ln é/C(N"(X)) = lErln BC(N"(X)), the result follows.
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PRrOPOSITION D4. If f: X — Y is a rational homotopy equivalence and f,: m\(X) =
7(Y), then S(f): S(X) — S(Y) is a rational homotopy equivalence.

Proor. Following Waldhausen [W], §(X) = QWh(X) and one has the fibration,
h(X, A(*)) > A(X) - WhP(X), where h(X, A(+)) is a homology theory. Waldhau-
sen proves for his functor 4 that if Qf: QX > QY is a rational homotopy
equivalence so is A(f): A(X) — A(Y) (see proof of Proposition 1.1 of [W]). This
implies the result for S*-(X) and hence for STP(X). The result for SP¥' follows
from the fibration (see [W] or [BL]) SP*(X) —» SP(X) — SE(X), where SEL(X) is
the stabilization of SP-(X) under suspension, S§-(X) being a homology theory.

REMARK. One may also prove D2 and D3 via Waldhausen which in turn proves
the corresponding result at the concordance group level in the stable range. For
D4, however, it seems unlikely that a proof starting at the concordance level will be
possible.

DEFINITION OF g(X). S(X X §')— BS (X).

Consider the principal fibration [BLR],

C(M X I) > C(M X[0, ©0)) - C Emb(M, M X R).
Since C(M X [0, o0)) is clearly contractible, the classifying map
C Emb(M, M X R)—» BC(M X I)
is a homotopy equivalence. On the other hand we have the map A\: C(M X S') —
C(M X R) obtained by taking the unique lift of a concordance of M X S to the
covering space M X R. Thus we get a map, y(M): C(M X S')— C(M X R) >
C Emb(M, M X R) - BC(M X I).

Now if X €P, N"*{(X X )= N""{(X) X S' X I = N"(X) X S, n large.
Define g,(X) = y(N"(X)): C(N"*} X X §') = C(N"(X) X §") >
BC(N"*!(X)). We need to show g, (X) commutes with =. One can define =:
CEmb(M, M X R) > C Emb(M X I, M X I X R) or more generally, given L*
properly embedded in N, & E— N an & bundle, one can define 7(%):
C Emb(L¥, N") — C Emb(¢ “ (L), E) as in §A. In particular, we obtain a com-
mutative diagram

C(MxI) -  C(MX[0,®) - C Emb(M, M X R)

=| =) z|
C(M xX1*) - C(MXIX[0,0)) — CEmb(MXI,MXIXR)

and hence a commutative diagram

C Emb(M, M X R) —  BC(M X I)
) B2
CEmb(M X I, M X I X R) — BC(M xI?
Further, if M = N X I’, the diagram dc}oops r times, and so does the map y(M).
Likewise all these results hold for C. Thus g,(X): C/C(N"*'(X x SY))—

BC/C(N"\(X)) is defined for n sufficiently large, and commutes with =. Define
g(X) = 1i_1;nn g,(X). Note that g is natural with respect to X.
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The WK property. Let Nil S (X) = Fibre g(X) X S(py): S(X X §')— BS(X)
X &(X). Then Nil & is a functor and satisfies D2-D4.
Now consider the commutative diagram:

CM XI) 5> c(MxSY 5 CEmb(M X M x SV
A A
C(M X R) 5 CEmb(M,M xR) 3 BC(M x I

where the top row is a fibration. In [BLR] it is shown that
A:C(M x S")— C(M X R)

has a right inverse p, and if M = N X I, i has a left inverse j = j(M): C(M X S')
— C(M x I) induced by the inclusion j: N X I X S' >N x I2 Thus if
M = N X I the fibration r is trivial, and if we let COU(M) be the fibre of A:
CEmb(M,M X S') - CEmb(M,M X R), C((M X S") ~ CM xI) x
BC(M X I) X COU(M).

For n sufficiently large and j,(X) = j(N"(X)),

8.(X) X j(X): C(N"* (X x S")) > BC(N"*!(X)) x C(N"*(X X I))
is a trivial fibration with fibre C9UL(N"(X)). The same results hold for €. Since
lim , j,(X) = $(px),
J (X): €/ C(N" (X x §Y)) > C/C(N"* (X x I)),

8(X) X S(py) is a trivial fibration.

REMARK. Since C( ) is contractible, Nil &(X) =lim BCIU(N"(X)) and

2 Nil ()L coun(x)).

DEFINITION OF & TRANSFER. Let £: E — X be a locally trivial bundle with fibre F
a compact @ manifold and structure group 4% F). If N"(X) is a regular neighbor-
hood of X in E", X C N"(X) — X, then r*¢&: E(r¥§) - N"(X) is a locally trivial @
bundle. If »; is a normal @& disc bundle of E(r*§) in E°, s large, then E(»)) is a
regular neighborhood N°(E) of E. Since E(r}, §) = E(r}) X I, we can take
E(w:t) = E() x I = N**'(E). Then

n+1

CN(X) = CEGR) o CNY(E)
z| =) =]
CN™) = CEGE) = CNTHE)

commutes. Similarly, for C. Thus define T(e): S(X) > S(E) as T(¢) =
lim, T(v1) o T(r*, ), T defined on C/C().

Notation. We extend the term @ bundle to include bundles £ over X € P as
above.

£ 3
ProposiTiON DS. If E, —'>E2—2>X is a composition of @ bundles, T§, ° &) =
T4 o TE) on SUX).
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Proor. Since
E(ry(,0 &) = E(r k) — N"(X)

t N
Vn Vn

t
NYE,) — E(rrt,) — NS(E,)

commutes, by Proposition Al,

T(v)) o T(r¥(&; © £)) = T(¥/)) ° T(r}§) © T(v;) © T(r¥éy),
and the result is immediate.

ProposiTiON D6. If

b/

E, S E
&l \ES
fx
X, - X,

is a cartesian diagram of @ bundles then T(£,)(fy) = S (fg)T(£).

Proor. For n sufficiently large, f, defines an isotopy class of embeddings (fy),
of N*(X,) in N*(X,), and
E(r§) > E(E)

\ !

Sn
N x) B N

is cartesian, where the horizontal arrow at the top is an embedding. Thus for s
sufficiently large

(fE):
-

N*(E,) N*(E;)
by o ":l l’:fz o vy
n (fX)n n
N"(X)) - N™(X3)

is cartesian, and the result follows from Proposition A2.

PROPOSITION D7. If ¢ is the trivial @ bundle over X with fibre K and s:
X — X X K is the cross-section s(x) = (x, k), then

T(ex) = x(K) - S(s).

ProoFr. If N™(K) is the normal disc bundle of X in E™ and N"(X) is a regular
neighborhood of X in E” then N*(X) X N™(K) = N"*™(X X K) is a regular
neighborhood of X X K in E"*™. Let NJ*™(ex): N"(X) X N™(K)— N"(X) be
the trivial bundle, and let D™ = N™(k;) C N™(K). Then by Proposition A4,
T(N*™(e)) = (™" E), But x(N™(K)) = x(K), and iZ™: C(N™(X)) -
C(N"(X) X D™) - C(N"(X) X N™(K)) is the map induced by the embedding s,,:
N™*™X) = N"(X) X D™ - N"*™(X X K), corresponding to s. Hence T(ey) =
§(K) - S(s).
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COROLLARY DB8. & (ex) T(ex) = x(K) - 1gxy.
ProPoOsITION D9. T is compatible with g.
Just as for = (see WK property above) one has for §£: E — M the commutative
diagram
C Emb(M,M X R) — BC(M x I)

T(¢ X idg)|, VBT (¢ X id)
CEmb(E,E XR) —  BC(E XI)

from which one gets the commutative diagram

M
cMmx sy S Bom x 1)
) )
v(E)

C(E x SY - BC(E x I)

where the left and right vertical maps are T(§ X idg:) and BT(§ X id;) respectively.
Now let £: E — X. Then

C(N"(Xx) x S - BC(N™(X) X I)

) i
C(E(3&)x S') -  BC(E(r3¢) X I)
! !

cnvE)x sV S powvi(E) x 1)

commutes where the left vertical maps are T(r¥¢ X idgi) and T(v, X idgi); the
right vertical maps BT(r*¢ X id;) and BT(», X id,), and the horizontal maps
Y(N"(x)), Y(E(r}§)) and y(N°(E)). Since y(N"(X)) = g,(X), Y(N*(E)) = g,(E),
and r*, (¢ X idg) = r*¢ X idg, v;}] = v X idg, we get in the limit:

g(E) o T(¢ X idgi) = BT(§)g(X) on S(X X S).

DEFINITION OF THE @-INVOLUTION FOR &. If a is an orthogonal or topological &
disc bundle over X, denote the involution 7 on C(E(r}a)) by 7,;. Since T(r;}a):
C(N"(X)) - C(E(r*a)) is an «(n) equivalence by Cl0(a), we can define an
involution on [C(N "(X))],,, by T(r;a)” 72T (r¥a). If we replace a by a @ 1, then

T(r*(a ® 1)) '12®'T(r*(a ® 1)) = T(rta)” 'S~ 122 T(rka)
= —T(r*a) " '72T(ra).
If we replace N*(X) by N"*'(X), then E(r},,a) = E(rfa) X I and
T(r:+la)'lfn"+lT(r:+la)E = T(r:+,a)_|7:+|2T(r:a) = ‘T(r:+la)—lz"':T(r:a)
= -T(r*a) '70T(r}a). Let 77 = (- )" *T(r*a)” 12T (r¥a). Define 7 on
S(X) =lim C/C(N"(X)) by 7 = lim 77 Then 7% depends only on « as a
stable (vector or micro) bundle.

ProposiTIoN DI10. If a € K(Y) and f: X > Y, then S(f): (§(X), 77—
(S(Y), %) is equivariant.



GEOMETRIC TRANSFER AND HOMOTOPY TYPE 33

PROOF. We have the homotopy commutative diagram

N"(X) % N"(Y)
rlll ‘l”n
)

X - Y

Hence r}f*a ~ f¥r¥a. If E(f): E(r}f*a) - E(r¥a) is the bundle map covering the
embedding f,, C(E(f,))T(r}f*a) = T(r¥a)C(f,) and letting B8, = fra,

C(E(f)) T = 17C(E(S,))-

Hence
CU) T )™ 't T(r2f*a) = T(rte) ™' C(E(S)r/ T(rif*a)

= T(rre) "' 57 C(E(S) T(r2f* @) = T(re) ™' 12T(r2a) C(f,).
Thus C(f,)7/ = 72C(f,). The result follows by passage to the limit.

PrROPOSITION D10(2). Let a be an orthogonal or topological k disc bundle over X.
Then g(X): (S(X X 8", 78) = (BS (X), Br®) is equivariant, where 8 = pra.

PROOF. Since 7,,,: N"*/(X X S") = N"(X) X S' 5> X X S'is r, X 15, where
: N'(X)—> X, we have py 1,y =1, ° pyny, and E(r¥,,B) = E(rta) X S".
Now (see D9), BT(r},,a) o Y(E(r¥a)) = y(E(r}a)) o T(r¥,, B). Also
Y(E(r*a))th, | ~ B(r2, )y(E(r*a)). In fact, C(E(r*a) X S') —» C(E(r*a) X R) -
QBC(E(r¥a) X R) is equivariant with respect to 7 since by May’s recognition
principle C(E(rfa) X R) - QBC(E(r¥a) X R) is a natural equivalence [M]; and
Bé: BC(E(r*a) X I) > BQC(E(r*a) X R) —QBC(E(r*«) X R) is an equivariant
homotopy equivalence by §B, addendum.
Thus g,(X) ° 2, ~ B(7%, ) ° g,(X), and g(X) is equivariant.
Homotopy invariance of the involutions. Suppose a, 8 € IE'Q(X ) are stably fibre
homotopy equivalent. Then 8 — « is represented by a bundle which is stably fibre
homotopically trivial. Let

r*a: E(rta) - N"(X)
be represented by a p disc bundle, and 8 — a by a ¢ disc bundle. Then r*g is
represented by r¥a @ r¥(B — «), ap + g disc bundle. Let §, be 8 — a pulled back
over E(rya). Then r = 8, o r¥a. Since §, is stably fibre homotopically trivial, we
have in the Top category (by C11): T(8,)7% = (— 1)%2T(8,). Hence
(=1 T(rre) ' 5 T(rre) = (= 1P T(rta) "' T(8,) ' T(8,) 77T (r¥a)

= (= 1P**T(rra) "' T(8,) ™ '7fT(8,) T(r¥a)

= (=1 T(rB)” '7PT(r2 B).
So 7 = 7 and 7 = 72 on $(X). This proves

ProposiTION DI11. If a, B € KTOP(X ) are stably fibre homotopy equivalent, then
7% = 78 on STP(X).
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In the Diff category, by C15 there is an w(n) equivalence localized away from
two, 0(8,): C(E(r*a)) — C(E(8, ° r*a)) such that 6(8,)r* = (— 1)%f9(5,). Thus
localized away from two,

(= 1PT(rre) ™ ' r2T(r¥a) = (= 1P *T(rra)~'0(8,) ™ '10(8,) T(r¥a).
Define 8(X, a, B) = lim, T(r*B)~'9(8,)T(r*a). Since
T(r¥B)™'0(8,) T(rya)iy = #fT(rxB)™'0(8,) T(r} a),
0(X, a, B)r® = 7P0(X, a, B) (localized away from two). This proves

ProrosiTION D12, If a, B8 € I?Z(X ) = I?Dm(X ) are stably fibre homotopy equiva-
lent, there exists an equivariant isomorphism

(X, a, B): (X ) gutr 7*) = (SPM(X ) s 7°).

Now consider what happens when we localize at zero. If a, 8 € K(X) and
wi(a) = w,(B), then w,(B — a) = 0. Hence using C17 in place of Cl1 and C15 we
have:

PROPOSITION D13. (a) If a, B € Krop(X) satisfy w\(a) = w,(B), then localized at
zero, 7 = 1P on STP(X),.

®) If a,B € I?DM(X) satisfy w(a) = w,(B), then localized at zero, (X, a, B):
(8P (X)) 7% = (SP™(X)qy 7P) is an equivariant isomorphism.

Thus § is a GH functor with the WK property, an & transfer, and a homotopy
invariant @ involution.

PrOOF OF THEOREM A(2). Since the forgetful map CPf(M)— CTP(M) com-
mutes with transfer for & £ — M a Diff bundle, and involution (see remark
following C15), and y(M) defining the WK property, there is a natural transforma-
tion F: SP _, §TP compatible with transfer, involution and the WK property.
Consequently it induces the natural transformation F : S92 — §Tep,

(3) In [BLR] it is proved that C NP (M) — CIUTP(M) is an equivalence.

(4) By C12 the fibre of SP¥(X) — ST°P(X) is a homology theory, with coeffi-
cients SP(x) (since STP(x) = ).

To prove the result for &, (x, ) we show that

;(Fibre(S2M(X, a) — STP(X, a)))
does not depend on a:

As in §§B7-B9, if M" = N"~! X I, one may identify CTP/Pf(M) =
CT°P(M)/ CP*(M) with Fibre(B,CP (M) - B,CTP(M)). If a is an orthogonal
2k + 1 disc bundle over M, T,: CTP/PH(M) ., — CTP/PH(E(a)g)yuq i an w(n)
isomorphism, k sufficiently large, by the Mayer-Vietoris sequence C13 and the
argument in C14. By the argument of C15 this leads to an «w(#n) isomorphism 8(a):
CTor/DI ALY 1y — CTP/PI(E(a)) 44 for a of any dimension, such that 6(a) com-
mutes with 7 up to the appropriate sign. Applying this to (N"(x), r¥a), the result
follows.

(5) Let M" be an @ manifold and a = TM. Then N"*¥(M) = E(»¥), v* the
normal k disc bundle in E"*¥, k large. Now

2 = (= 1)ET(rr a) T o 1 o T(rE ).
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But », or*,a=1,,: M X D"** 5 M. So in the stable range 77 ,Z"** =
(= 1r*kzntkr 1), the involution on C(M). Hence

itk = (= 1)'T(r¥, 0) ™" o Ztery o (24) 71 o T(r¥, 4a)
= (=D)"T(#*) o 1)y o T(@*) 7.

Let § = lim, T(+¥), T(»*): C/ C(M) — C/ C(N"*(M)); then:
(@)8:C/ (M) — 8(M)~is an «w(n) equivalence, and 7* = (—1)"0 - 7,,.
By C3, #,C/C(M)—>w,A/A(M)is ((n + 1) + 1)-connected; hence
() /A4y Sy (M.

(c) The result CIU(M ) ~ ©Nil & (H) follows from (a) above and the remark at
the end of the section on the WK property.

(d) The result (M) 44 “o Nil 8,,,(M) follows from (b) and the results of [B,].

_Proor oF THEOREM B. From the definition (proof of CI(b)) of B = B(M):
[5C(M))ony+1 = [C/ C(M)] 0y + 1 We see that on the w(n) Postnikov term

= o~ = o~ B(N"(X)) ~
XE)S TS Ty I Eewnee)
~N\ =
5 (N"(x)) PO & e x)

commutes, up to homotopy. Hence we can define 8: J((X) — &(X).

The other results in Theorem B then follow trivially from the definition.

ProOF OoF THEOREM C. This follows from C7.

PROOF OF COROLLARY D. This follows from C8 and Theorem A5

ProoF oF COROLLARY E. Given p: M — M with M L am —> M homotopic to
1,7, then the inclusion A(M) —>‘JC(M ) which factors through ‘JC(M ) is trivial. In
fact, 9C(M ) —>‘JC(M ) is homotopically trivial since if f € J((M), then in ‘JC(M),
f=feo 1M~f°z o p ~io°p~1,,. The result follows from C7.

PROOF OF COROLLARY F. (1) Given M" C E", we can choose n discs D;) C M"
c D;. By Proposition BI, A/ADI) > ff/A(M") is (2r — 2)- (resp.
inf(2r — 2, r + 3)-) connected in the Diff (resp. Top) category. Since

A/A(D])—> A/A(M") - A/ A(Dy)
is an isomorphism (essentially the identity), 4/4(M") - A JA(D]) is a 2r — 2
(resp. inf(2r — 2, r + 3)) equivalence. Localized away from two and in the stable
range we have the commutative diagram

A(M) N A/A(M)

I I
A(D"™) - A/A(D"™)
N v
5 (p™)

Since ‘JC(D") is contractible, g: A(M )—> A /A(M) is trivial on [A(M Yoddlr k <
inf(w(n)P, 2r — 2) (resp. k < inf(w(n)™P, 2r — 2, r + 3)). The result follows.
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(2) Consider the map of fibrations
AM xS, M), - AMXxSY >  EMMXxSY,

i i Vi
H(MxS5M)y, - H(MxSY% > Maps(M,M xS'),
where (), denotes the component of the identity or the inclusion. It is easy to check

that we have product decompositions:
F(M xS =F(M xS xS, Maps(M, M x S")y=F(M)x S,
and if OM = &,
AM X §Yy=A(M x SY), x S', E(M,M x §"),= E(M,M x §"), x S,
where (), is the subspace of ( ),, sending (x), or (*, *) into M X (*). (If OM # &,
AM X Sy =AM x S"), and E(M, M X S")y = E(M, M X S"),.) The map
of fibrations respects these decompositions (up to homotopy).
Now (X idg): X( M), —>_‘J£(M X S, defines a cross-section

s: Maps(M, M x §")o— (M x §"),.
Also according to [B,], the fibre of A: E(M, M x S'), — E(M, M X R), ~
E(M, M X R), (the lift to the covering space) becomes trivial when localized away
from two. Further r: A(M X R),— E(M, M X R), has trivial fibre, and A:
AM X SY, - A(M X R), ~ A(M X R), has a section j: A(M X R), -
A(M x S"), [BLR]. Thus jr~'\: E(M, M X S'), > A(M X S"), defines a map
s = jr~'\ X idg: which when localized away from two becomes a cross-section of
ri AM X §Y,— E(M, M X S"), such that

AM xSY, <  EM,MxSY,

i i

J(M xS & Maps(M, M x SY),
commutes up to homotopy. By the remark following the proof of C13, on the
w(n) + 1 Postnikov term:

I (M)o ¢/c(M)

(xidg1)| L(xidg)

B(M xS ~
I (M xS, - C/C(M x S

B(M)
_)

commutes. Since

(Xidg): C(M) - C(M x S")
is trivial [BLR], B(M X S') o (Xidg) and hence Boios: E(M,M X S");—
C/C(M X S')is trivial.

On the other hand
A(M X I), 5 A(M x S'; M),
il il ,
H(MxILMxd), — JH(MxS,M),
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induced by embedding / in S! [BLR] commutes, with the top row an equivalence
[BLR]. But ‘JC(M X I, M x3I) —->‘JC(M X S'; M), is trivial since it factors
through the contractible space ‘JC(M X I; M X 0),

Thus when localized away from two, B < i: A(M X §hy— ¢ / C(M) is trivial on
the first two factors of

(A(M x Sl)O)odd~(j(M X S5 M)g)oga X (E(M’ M X 8")0)oaa X Saaa:

Thus Q(B © i): (QAM X SY))4q = (RC/ C(M)),qq is trivial on the w(n) Postnikov
term (by 2X we mean the loop space of the 1-connected cover of X). The result
follows.

(3) Let M be a compact K(I1, 1) manifold. Then

7 I (M)o) = mo(Maps(S’ X M, M; (+) X M)) = {(r)l iii y

ie. _ﬁ_C_(M )o ~ M. Thus Q(E(M )) is contractible. The result follows.

Appendix. Proof of = ~ ¢. Let h € C(M). In the diagrams below the rectangles
represent M X I%. All homotopies are fixed on M X (0 X I U I X dI). The
arrows represent the direction from 0 to 1, and the arcs represent rotation of 4 or
h~! by 90° as indicated. We first note (“  ” means composition of indicated
isomorphisms)

(a)
h_ nt
-1 - -1 _ _
n Y L BUAS %h 1 At
n-1 . h - h”
- > > = > ~
A I
nt h nt ht identity
S >
(®)
- -1
nt n"t h n) n i
> > ——
-1 A -
h . h-l\ . N ) wl . ho . h
A A
id pl n nt n id
PROOF.
h-J; h_
h
h Y . SN
I(h) = h - Y - _nh >'l'l h >
tn A a A
h h h
e
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Now insert the inverse of the right side of (a) composed with the left side of (a),
between the first and second diagrams in the above composition. Since

ont h-l‘
-1
1 . o |
S
oA identity]
it follows from (b) that Z(k) ~
w1
h P A 4 1
! -
h ° ° h
> > ~ ¢(h)
. s -1
h identity h
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